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Abstract—This paper reveals that the previously proposed
network growing algorithm for radial basis kernel networks
(a.k.a. `self-structuring kernel memory networks’) essentially
depends upon only a single network parameter of the radius
unique to all the RBFs. It is also shown that the parameter range
is bounded. Both these properties are in practice quite attractive,
where an efficient design of a pattern classifier is desired.
Simulation studies using four data sets, each extracted from
public domain database for pattern classification tasks,
confirmed this new findings.
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I. INTRODUCTION

Since the early work by Broomhead and Lowe [1], neural
network models based upon radial basis functions (RBFs; or
RBF kernels) have been extensively studied and successfully
applied to various application areas of interest.

Among many, a variant of the RBF network models
known as probabilistic neural network (PNN) [2] was
proposed for general pattern classification purposes. The
salient feature of PNN compared with other RBF networks is
the use of a kernel width (or radius) unique to all the RBFs
and the fixed weights between an RBF and output units, each
identical to the corresponding target value. Then, training of
PNN is simply done; an RBF per training pattern is assigned.
In many situations, however, this manner of training involves
redundant addition of RBFs, and the resultant network size
can even become prohibitively large after the training.

A number of efforts have been made, in order to
circumvent the aforementioned problem specific to PNN, by
way of constructive approaches [3]-[7] (note that the network
exploited in [4] and [5] is essentially the same as PNN). In a
similar context to the PNN, various constructive methods for
RBF networks have also been proposed to date. Some well-
acclaimed methods are i) resource allocation network (RAN)
[8] and its enhancements -- RAN trained using extended
Kalman filter (RAN-EKF) [9] and minimal RAN (MRAN)
[10], ii) the method utilizing orthogonal least squares (OLS)
[11][12], iii) the method based upon an evolutionary algorithm,
such as genetic algorithm (GA) [13] or particle swarm

optimization (PSO) [14][15].

A. Comparison of Some Existing Constructive Methods for
RBF Networks
Most of the aforementioned constructive methods

generally yield compact-sized classifiers, while achieving
reasonably high generalization performance. However, in
practice, they normally require many parameters to tune
before their utility for the testing and/or involve some arduous
approximation / iterative optimization procedure(s) over entire
training data, the latter of which quite often leads to long
training and may even suffer from numerical instability.
These may give a good reason to detract from their utility in
practical situations. Table I shows a comparison of some
existing constructive methods in terms of i) the computational
complexity and the cause, and ii) the number of parameters
required to tune, in the training mode. In the second column
in Table I, the numbers within the curly brackets followed
after “high” indicate “(1)” possible involvement of the heavy
computational load due to the resource required in both
memory storage and computation wises, “(2)” that due to an
iterative optimization procedure and the possibility of falling
into local minima, and “(3)” the necessity of repeatedly
presenting a whole training data set (i.e. typically more than
twice), respectively.

TABLE I. COMPARISON OF SOME EXISTING CONSTRUCTIVE METHODS

FOR PNN/RBF NETWORKS

Constructive
method

Computational
Complexity

Num. free
params.

[3][6] high(3) 2

IPNN [7] high(1) 2

RAN [8] low 6

RAN-EKF [9] medium 9

MRAN [10] low 9

OLS [11] high(1)/(2) 3

GA [13] high(1) 6

PSO [14] high(2) 5

SSKM [16] low 1

In [16], a very simple network-growing algorithm for
RBFs, termed the self-structuring kernel memory (SSKM)
networks, is proposed. The SSKM can be viewed as a variant
of PNN, in that the model inherits the use of a unique radius
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for all the RBFs and binary weight values between the RBFs
and output units. For an M-class pattern classification task, M
distinct SSKM networks (i.e. for a single-domain pattern
classification task; for the detail, see [16]), each responsible
for one of the M classes and consisting of multiple RBFs, are
generated by applying a network-growing algorithm;
automatic RBF assignment within the respective distinct
SSKM networks is performed based upon a non-iterative one-
pass training procedure and free from all the aforementioned
three concerns relevant to the computational complexity.
Unlike typical RBF-type models, lateral connections (coined
as "link weights" or LWs, for short) between some of the
RBFs within a single SSKM network may also be established
during the construction phase. In the testing phase, a
maximally activated RBF among all the RBFs within all the M
distinct SSKM networks is picked out, and the network ID of
the RBF so chosen corresponds to the final classification result.

Although the construction algorithm [16], to be reviewed
in the next section, originally came with two free parameters,
this paper shows that there is essentially only a single
parameter to tune, i.e. a unique radius of RBF, during the
construction phase. Hence, the number of the degree of
freedom equals that of the original PNN model [2]. It is also
shown that the range of the radius value is theoretically
bounded. These properties are quite attractive in practice, for
a constructive design of RBF-based pattern classifiers.

II. REVIEW OF THE SELF-STRUCTURING ALGORITHM FOR

KERNEL MEMORY NETWORKS [16]

The construction algorithm [16] for the m-th (m=1,2,..., M)
distinct SSKM network, responsible for Class m, is
summarized as follows:

1) Initially, there is only a single RBF in the m-th SSKM
network, with the centroid vector c1=x(1) and the radius

�. Set N(m)=1.

2) Repeat the following, for all the training patterns x(n) (

)(,,3,2 mPn �� ) that fall into Class m:

- If there is no excited RBF in the network by x(n) i.e.
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where � denotes L2-norm and � ( 10 ��� ) is a given

threshold, add a new RBF in the m-th SSKM network
i.e.
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with the radius �.

- Otherwise, if there are no LWs between the excited
RBFs, established new LW connections among all such
RBFs within the m-th network.

In Step 2) above, notice that some RBF units can also be
excited by the activation transfer via the LW connection from

other units, even if they are not initially excited by the direct
input x; if an LW connection is established between the p-th
and q-th RBF units in an SSKM network and if the q-th unit is
excited by x, whereas the p-th unit is not, the p-th unit can still
be excited if

)(  )()( qphwh qpqp 	
� �xx .

As in [16], we hereafter consider only the case where LWs
have all unity weight values, i.e. wpq = 1, without loss of
generality. In the construction phase, the network-growing
algorithm shown in the above is applied to form all the M
distinct SSKM networks.

As described above, the algorithm has two free parameters

� and �, but these parameters are shown to be interrelated in
the next section.

III. INTERRELATION BETWEEN THE UNIQUE RADIUS AND

THRESHOLD VALUE FOR THE SELF-STRUCTURING ALGORITHM

In the network-growing algorithm for SSKM as shown in
the previous section, whether addition of a new RBF unit takes
place or not depends only upon the condition (1). Then, we
consider the case where a particular training pattern x(n) is
given to an RBF hi such that

��))(( nhi x .

Let the distance d between x(n) and ci
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above can be rewritten:
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The former indicates that there is essentially only a single

combination of the two parameters � and � that yields a

unique value d, whereas the latter that the radius � is given as

a function of �.

Hence, the reduction in terms of the numbers in the
degrees of freedom (i.e. from two to one) can be achieved for
the SSKM construction.

A. Lower and Upper Bounds for the Value of �
As described in II, when a new RBF is allocated within an

SSKM network, its centroid vector is set to the training pattern.
Since the contents of the centroid vectors within SSKM
networks remain intact during the construction phase, they do
not alter from those of the training pattern vectors originally
given. Therefore, the following condition is met:

(1)

(2)

(3)

(4)

(5)
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maxmin ddd �� ,

where dmin and dmax are a minimum and maximum distance
found among all the pairs of training pattern vectors,
respectively, i.e.
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Substituting the latter equation in (5) into (6) yields
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Hence, the relation above provides both the lower and

upper bounds for the single parameter � (and replaces the
range of the value originally suggested in [16]). In practice,
the relation (7) generally holds, unless the distribution of the
testing data is dramatically changed from that of the training
data.

In summary, exploiting both the relations (5) and (7) leads
to the following new parameter setting scheme, which depends

upon only a unique radius � for the construction of the SSKM:

1) Set the value of �, chosen arbitrarily within the
range 10 ��� .

2) Compute both the lower and upper bounds �min and �max

by
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3) Choose a unique radius � within the range

maxmin
��� �� .

4) Construct M distinct SSKM networks by applying
the network-growing algorithm [16] as described in II.

IV. SIMULATION STUDY

Simulations were conducted, in order to i) validate the

hypothesis that the single parameter � is given by (5) as a

function of � and ii) observe the impact upon the performance

by varying �.

TABLE II. PROPERTIES OF THE DATA SETS USED FOR THE SIMULATION

STUDY

Data set
Num.
training
patterns

Num.
testing
patterns

Length
of each
vector

Num.
Classes
M

dmin
by
(6)

dmax
by
(6)

OptDigits 1200 400 64 10 1.0 9.3

PenDigits 1200 400 16 10 0.1 5.7

SFS 540 360 256 10 2.4 11.4

ISOLET 1560 390 617 26 4.2 24.9

In the simulation study, four data sets, each extracted from
OptDigits, PenDigits, SFS, and ISOLET database,

respectively, were used. The OptDigits and PenDigits
databases are public handwritten digit databases, whereas the
ISOLET is a handwritten letter database, all the three obtained
from the University of California at Irvine (UCI) Machine
Learning Repository [19]. The SFS is a database for spoken
digit recognition available from University College London
[20]. For the two UCI (i.e. OptDigits and PenDigits) and SFS,
the data sets of the same sizes as those in [16] were used. The
properties of the four data sets used in the simulation study are
tabulated in Table II.

TABLE III. THE TWO PARAMETERS THAT YIELD THE SAME NETWORK

STRUCTURE AND CLASSIFICATION PERFORMANCE

� 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9

� (Opt-

Digits)
1.5 1.8 2.1 2.4 2.7 3.2 3.8 4.8 7.0

� (Pen-

Digits)
0.3 0.4 0.4 0.5 0.6 0.7 0.8 1.0 1.5

� (SFS) 2.1 2.5 2.9 3.4 3.9 4.5 5.4 6.8 9.9

A. Validating the Interrelation between � and �
For giving an empirical justification of the interrelation

between the radius � and threshold � parameters described in
III, the three data sets OptDigits, PenDigits, and SFS were
used. The value of the distance d was first calculated by the
former equation in (5), using the same parameter combinations

as reported in [16], i.e. (�=3.8, �=0.7; d=2.26944) for the

OptDigits, (�=1.0, �=0.8; d=0.48811) for the PenDigits, and

(�=5.4, �=0.7; d=3.225) for the SFS. Second, a series of
simulations were performed using nine equally-spaced values

of � within the range [0.1, 0.9]. The values of the other

parameter � were calculated for each of the three data sets as

shown in Table III, using (5) with varying the threshold �
within this range.

For all the combinations of � and � in Table III, an
identical SSKM network structure (i.e. indicated by both the
numbers of RBFs NRBF and LWs NLW generated; OptDigits:
NRBF=771, NLW=2764, PenDigits: NRBF=735, NLW=2125, and
SFS: NRBF=519, NLW=12, respectively), as well as exactly the
same classification performance, was obtained for all the three
data sets (OptDigits: 96.2%, PenDigits: 96.8%, and SFS:
97.5%, respectively) by applying the network-growing
algorithm reviewed in II.

From these observations, it is concluded that the

parameters � and � are interrelated and thus that only tuning

of either � or � is required, while the remaining one fixed
arbitrarily, during the construction phase of the SSKM.

TABLE IV. SIMULATION RESULTS OF THE RAN AND SSKM

Data set
RAN SSKM (Sigma: 8)

C. Rate
(%)

Num.
RBFs

C. Rate
(%)

Num.
RBFs

OptDigits 95.3 844 96.3 870

PenDigits 96.0 454 95.5 236

SFS 98.1 516 97.8 486

ISOLET 96.4 1392 91.3 1116

(6)

(7)

(8)

(9)
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TABLE V. SIMULATION RESULTS OF THE SVMS

B. Impact Upon the Performance by Varying �
Another set of simulations was run, in order to observe the

impact upon the performance of the SSKM networks by

varying �, while fixing �(=0.5). For this observation, both the

lower and upper bounds of the single parameter � were
computed for all the four data sets by applying (9), given the
respective values of dmin and dmax as in Table II. In practice, it
is, however, considered that the radius chosen close to the
upper bound yields only sparse coverage of the data space.

Therefore, � was varied between �min and 0.6�max, and the
performance was obtained for each of the 30 equally-spaced

values of � within this range.

Figures 1-3 show the overall classification rates, the total

number of RBFs generated, and the value 
 (Myu), showing
the number of LWs established per RBF, i.e.

} RBFsnum. total{

} LWsnum. total{
�
 ,

respectively. In these figures, each value in the x-axis

corresponds to a normalized value of � (i.e. Sigma: 1

corresponds to �min, whereas Sigma: 30 to 0.6�max). We then
find similar tendencies for all the four data sets in the plots: i)
the overall classification rates tend to degrade and start to drop
quickly at around Sigma: 10, ii) the number of RBFs
accommodated within the SSKM networks falls rapidly at
around Sigmas: 2-4, and iii) there is always a peak of the value


 somewhere within the range [�min, 0.6�max]. From these
observations, an appropriate choice of the unique radius which

yields a good trade-off between the classification rate and

network size can be, as a rule of thumb, given by
max

��� � ,

where � is a scalar constant set within the range [0.1, 0.3]; for
instance, the results obtained at Sigma: 8 are shown in the
right part of Table IV.

A performance comparison was made, using the two
benchmark methods of RAN [8] and support vector machines
(SVMs) [17][18]. RAN was chosen as a baseline method,
since the algorithm was found to be relatively straightforward
to implement with low computational complexity, compared
with other constructive approaches in Table I. SVMs with
Gaussian kernels were used as another baseline, due to their
popularity in the machine learning related areas of study for its
robust classification capability and a relatively smaller number
of parameters to tune (i.e. two).

For the RAN, the six parameters �=0.05, �=0.2, �min=0.07,

�max=0.7, �=0.87, and �=2 were chosen the same as those used
in [16] (the values of which are also almost the same as those
reported in the Platt’s work [8]).

Data set
c=0.1 c=10 c=100

C. Rate
(%)

Num.
SVs

C. Rate
(%)

Num.
SVs

C. Rate
(%)

Num.
SVs

OptDigits 90.3 2609 97.0 774 96.3 728

PenDigits 89.0 2479 96.3 434 96.3 298

SFS 94.2 1354 98.3 875 98.3 865

ISOLET 90.8 4086 97.2 2611 96.9 2584

Fig. 1. Classification rates with varying � obtained using SSKM.

(10)

Fig. 2. The value 
 with varying � obtained using SSKM.

Fig. 3. Number of the RBFs generated with varying � obtained using SSKM.
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For the SVM, since each of the four dataset sets contains
more than two classes, a commonly-used `one-against-all’
approach (see e.g. [18]) was employed during the training
phase (i.e. for an M-class classification task, a total of M
SVMs, each responsible for a single class, were trained and
then used for the testing). For training the SVMs, the same

setting as those in [16] for the kernel width (or radius) � (=7.9 :
OptDigits, 4.8 : PenDigits, and 9.9 : SFS) was used. For the

ISOLET, �=20.0 was used. The other parameter, i.e. the
bound for the weight coefficients, was varied: c=0.1, 10, and
100 for all the four data sets. Tables IV (in the left part) and V
summarize the simulation results obtained by RAN and SVMs,
respectively.

As shown in these tables, the classification rates obtained
using the SSKM (i.e. with the setting Sigma: 8) were almost
comparable to those using the RAN and SVMs for the three
data sets of OptDigits, PenDigits and SFS, while the SSKM
with fewer numbers of RBFs than those obtained using the
RAN and SVMs with all the three different settings of c, for
the PenDigits, SFS, and ISOLET data sets. For the ISOLET,
both the SVMs and RAN yielded a higher classification rate
than that obtained using the SSKM. The higher rates achieved
by the former two methods can be ascribed to a further
optimization/introduction of other network parameters during
the construction phase; i.e. the use of individual radii values
for the RBFs and their adaptation, as well as that of the
variable weight coefficients between the RBFs and output
units, in the case of RAN, while generating a larger number of
Gaussian kernels in the case of the SVMs. It is considered
that the parameter optimization in these two methods greatly
contributed to compensate for the weak coverage of the data
space caused due to an insufficient number of the pattern data
given (i.e. a relatively small number of training patterns
against higher-dimensional data, compared to the other three
data sets), albeit at the expense of an extra (and, in practice,
large) amount of computational complexity during the training
phase.

V. CONCLUSION

A new parameter setting scheme for the previously
proposed SSKM network construction algorithm [16], which
essentially requires the tuning of only a single parameter i.e.
the value of the radius unique to all the RBFs, has been
proposed in this paper. Both the lower and upper bounds of
the radius have also been derived. Then, it has been shown
that incorporating these two properties into the SSKM
construction enables an efficient design of the RBF based
pattern classifiers, which is quite attractive in practical
situations. In the simulation study, it was empirically shown
that an appropriate choice of the radius can be made, based
upon the value of the upper bound for the radius multiplied by
a scaling factor. In practice, an optimal parameter choice can
be made via performing an n-fold cross-validation, which,
however, involves multiple presentation of the whole training
data as in the constructive methods [3][6] or SVMs (i.e. those
trained by the one-against-all approach) but with low
computational complexity, unlike these approaches.

Future work should be directed to the proposal of a better
constructive scheme in order to cope with adverse conditions

such as the ISOLET case in the simulation study in this paper,
while requiring as small the number of the network
configuration parameters to tune as possible.
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